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Essentially Nonlinear Phenomena

1. Multiple Isolated equilibrium

Linear systems have only one equilibrium point at origin or a number of non

isolated equilibrium points.

Example: Pendulum (two isolated equilibia)

Imf = —klf — mgsin(6) (6)
Define x = [ z ] . State space : S' x R
Sbl X9
Zg = —%mg — sinxy (7)

Equilibria: Two isolated E.P (0,0) and (m, 0).
Linearization :

0 1
of _ 0 L -
Sx | —%cosm —%

(stable) at 1 =0

(unstable) at zy = 7

(8)
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Essentially Nonlinear Phenomena

Stability may depend upon initial conditions

Example : The logistic equation (population dynamics in isolation)

i=fx)=re(k—x)x, r>0,K>0 (9)
growth rate

x € R, is the population size and K is the carrying capacity.
Stability can be determined from the sign of f(z) around the equilibrium.

x(f)

Equilibrium points are : (&, = 0) “9f
_ _ Te=0
=1z (K —x.)=0= xee:K 30]
Linearization :
20+

g’;l:x = (rK - 27‘av)|mc

=0 — Kr — unstable. (10) 10L
r =K — —Kr — stable

)
x Y Q ) : : -t
x=0 x=K 0 1 2 3 4
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2. Finite Escape Time

In linear case :
Solution
—

&=z z(t) = exp™ 2(0).

If A>0=limy o |2(t)]=—+00. Onlyast— oo, |z(t)] = oo.

. xz1(t) 4
In nonlinear case :
Example : & = 22, 2(0) = 29, z € R
t t
=2 = az,(l)i%:lfodt
= —m+;0:t—0 210
1 -
p— ‘ »
l‘(t) 1 _y 0 it t
o
29> 0=t — o= = x(t) = 0o
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3. Limit cycles

Linear oscillators exhibit a continuum of periodic orbits (closed orbit) :
z(t+T) = x(t), Vt > 0, for somme T > 0

Every circle is periodic orbit for £ = Ax where

_0'8 } , (A2 =%£58)

Every Periodic Orbit is a Cycle but not a Limit Cycle.
In contrast, a limit cycle is an isolated closed trajectory (closed orbit) and can
occur only in nonlinear systems.
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3. Limit cycles

Example: Harmonic oscillator X
mi  + kx =0 (11)
~— ~— AA M
inertial term  stiffness term
7]

X2

e ?
wo = /£ (2 = Hiwo).

Amplitude of oscillations depends on initial conditions.

2=

~
/

S

Can be destroyed by small modelling imperfections. 2

The harmonic oscillator has closed orbits but no limit cycles. Limit
cycles cannot be generated by LTI systems.

The linear oscillator is not structurally stable. A stable oscillators
must be produced by nonlinear systems.
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3. Limit cycles

Example : Van der Pol oscillator .

X, dx/dt

F—p(l—aHi+x=0 .

If u=0= &+ x =0 < simple harmonic

0 0.5 1 15 2 25 3
t

oscillator
) Response with 2(0) = 0.05, =" (0) = 0.05
r1T = X2
. 12 ¢
{ iy = p(l -2z — a4 (12) s
Equilibrium point :2 = 0= 7 = [0 0]T. ot
Linarization around z = (0, 0) HE }
0 1 N
4 { -1 op } .

Positive sign of pu tells us that e.p is unstable. State trajectories (x(t), & (t))
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3. Limit cycles: Examples of limit cycles

Stable Limite Cycle Unstable Limite Cycle SemiStable Limite Cycle

& C N
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Irregular oscillations, never exactly repeating.
Behavior of nonlinear systems may be extremely sensive to small changes in
initial conditions/input/parameters.

Example : Lorenz system (attractor) derrived by Ed Lorenz in 1963 as a
simplified model of convection rolls in the atmosphere

The lorenz system is a 3rd order
system (3 states x,y,z).

i = oly—o)
Yy = rx—y-—uxz (13)
2 = xy—bz

. =40 20
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For continuous-time, time invariant systems, n > 3 state variable required for
chaos.

No simple characterization of asymptotic behavior.

Huge sensitivity to initial conditions.

Choatic behavior with o = 10, b=8/3, r=28 blue: (z, y, 2) = (0, 1,1.05)

red:  (z,y,2) = (0,1,1.050001)
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4. Chaos :

Example: The double pendulum (System is implicit for i1 # I5)

ot g(mln—i— me)sinf; =0 .
m2l292 + m21191 COS<91 — 92) — m2l19% sin(91 — 92)

(m1 + ml)llél + mglzég COS(91 — 62) + m2l292 Sin(91 — 92)
4+ magsinfy; =0




5. Bifurcation: Fold bifurcation

A bifurcation is an abrupt change in qualitative behavior as a parameter is varied.

Examples : creation (or death) of equilibrium points (or limit cycles) and/or
change of their stability properties.

Fold bifurcation: 1st order system
Example : & = p — 22,
Equilibrium points :
+/u p >0 onestable equilibrium and one unstable equilibrium

=40 p =0 single equilibrium (called a saddle)
none 4 <0 no equilibria

/N
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5. Bifurcation: Fold bifurcation

te = 0 is the critical value of parameter p which represents boundary be-
tween "no equilibrium points" and the presence of equilibrium points.

Creation/destruction of fixed points is called saddle node bifurcation

Linearization - bifurcation diagram

of _ 97— { 2,/p unstable ot
0w |5 —2,/it  stable
> 0.
2 > 1
Note: .
Rt YU
A, = % = 0 — linearization
ic:i(ﬂc)
disappears, no information about stability of the
system.
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5. Bifurcation: Transcritical bifurcation

Transcritical bifurcation: bifurcation diagram

Example : & = px — 2%, x(t) €R 4
Equilibrium points : =0. == pu.
Linearization :

of _ p if =0 o > M

(5;6—#296—{_” ¥ m=p '/, q
1 <0:2=0is stable, T = p is unstable. et P
w>0:2 =0 is unstable, z = pu is stable.

@ T @
< X < T —_— x

R. MOKHTARI (SNL) Nonlinear Systems



5. Bifurcation : Pichfork bifurcation

Pitchfork Bifurcation- 2 types : supercritical Pitchfork and subcritical

pitchfork
Example 1:
& = pxr—2a® supercritical
Equilibrium points : f(2) =0=2Z(p—7%)=0= 2 = 0
/1, >0
5 < z N . z x

2 equilibrium points emerge when we increase (.
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5. Bifurcation : Pitchfork bifurcation

bifurcation diagram

“supercritical pitchfork"

Example 2: & = px + 23, subcritical pitchfork.
Equilibrium points :

f(:i)()é:i(ufz)()éf{ (ﬂ):F, L <0
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